Recently, a large number of low-mass (< 0.30 M ⊙ ) helium white dwarfs (He WDs) 1 have been discovered as a result of several surveys campaigns as WASP, ELM, Kepler or SDSS. The far majority of them have as companion another compact object. There appears to be discrepancies between current theoretical modelling of lowmass He WDs and a number of key observational cases indicating that some details of their formation scenario yet remain to be understood.
Introduction
In recent years an increasing number of observed low-mass white dwarfs has been reported. Most of these systems have low surface gravities of log g ≤ 6.5 and are presumed to have He cores. Single He core white dwarfs cannot be produced within a Hubble time but they are the product of binary evolution. Around 60% of ELMs are residing in close binary systems (Maxted et al. 2013 ) such as millisecond pulsars (MSPs) or in binaries with another WD, sdB or even main sequence stars. Some of these systems might be the progenitors of type Ia supernovae (Iben & Tutukov 1984) , underluminous .Ia supernovae (Bildsten et al. 2007) or Am CVn systems . Because of their compact orbit they also represent perfect environments as verification sources for future gravitational wave detectors. There are a few puzzling issues regarding the properties of recently discovered He WDs: they seem to be metal rich (e.g. Gianninas et al. 2014) , while some of them are bloated and have higher temperatures as expected for He WDs.
The existence of low-mass He WDs as companions in MSP systems has been known for a few decades (van Kerkwijk et al. 2005 ). In such systems, several attempts have been made to calibrate the WD cooling models on the basis of the spin-down properties of their radio MSP companion (Alberts et al. 1996) . Assuming that the radio MSP is activated at the same time as the WD is formed, following an episode of mass transfer in a low-mass X-ray binary (LMXB), the characteristic age of the MSP 2 should be equivalent to the cooling age of the WD, τ cool . However, it has been demonstrated that the characteristic age is not a good true age indicator Tauris 2012) . With the discovery of the intriguing system PSR J1012+5307 (Nicastro et al. 1995) , which has τ PSR > 20 τ cool , an intense discussion started about the WD cooling ages 1 also known as extremely low-mass (ELM) white dwarfs (WDs) 2 τ PSR ≡ P/(2Ṗ), where P is the spin period andṖ is the period derivative and MSP birthrates. Searching for an explanation for why τ cool ≪ τ PSR , it was realized in the subsequent years that very low-mass proto-WDs (< 0.20 M ⊙ ) avoid hydrogen shell flashes whereby a relatively thick (∼ 10 −2 M ⊙ ) hydrogen envelope remains intact, causing residual hydrogen shell burning to continue on a Gyr timescale. Hence, these WDs remain hot for a very long time and result in strongly underestimated cooling ages when calibrated to the conventional models available at the time. Moreover, after the LMXB phase, the donor star initially evolves through a proto-He WD phase before entering the cooling track, on a timescale depending on the WD mass (as shown in Istrate et al. (2014b) ).
Traditionally, WD cooling models have been constructed by artificially removing mass from the envelope of a low-mass giant star until it evolves across the HertzsprungRussell diagram and settles on the WD cooling branch (e.g. Driebe et al. 1998; Althaus et al. 2001 ). This method often results in very small hydrogen envelope masses of < 10 −3 M ⊙ (Driebe et al. 1998) . However, it was demonstrated by Sarna et al. (2000) that for very low-mass He WDs a hydrogen rich layer (X surf = 0.3 − 0.5) of typically 0.01 − 0.02 M ⊙ is left behind after detachment from the Roche lobe.
A key issue for the remaining amount of hydrogen left in the envelope of a He WD, and thus significant for its cooling timescale, is the question of hydrogen shell flashes (see Nelson et al. 2004 , for a detailed discussion). It has been known for many years that a thermal runaway flash may develop due to unstable CNO burning when the proto-WD evolves toward the cooling track (Iben & Tutukov 1986; Kippenhahn & Weigert 1967; Webbink 1975) . During these flashes the luminosity becomes very high whereby the hydrogen content is decreased via burning, and for strong flashes even in combination with mass loss via an additional Roche-lobe overflow (Iben & Tutukov 1986; Sarna et al. 2000; Podsiadlowski et al. 2002; Nelson et al. 2004 ). Whether or not hydrogen shell flashes occur depends on the WD mass, its chemical composition and the treatment of diffusion (mixing) of the chemical elements (e.g. Driebe et al. 1998; Sarna et al. 2000; Althaus et al. 2001; Nelson et al. 2004; Althaus et al. 2013) .
The minimum mass (M flash ≃ 0.2 M ⊙ ) for which these flashes occur is very important to determine. It has previously been suggested (e.g. van Kerkwijk et al. 2005) that M flash leads to a dichotomy for the subsequent WD cooling such that WDs with a mass below this limit remain hot on a Gyr timescale as a result of continued residual hydrogen shell burning, whereas WDs with a mass above this limit cool relatively fast as a result of the shell flashes eroding away the hydrogen envelope. However, Istrate et al. (2014b) have demonstrated from theoretical modelling of LMXB evolution that this is not the case. These results will be further elaborated in the rest of this paper.
Numerical methods and results
Numerical calculations with a detailed stellar evolution code were used to follow the evolution of LMXBs systems as described in Istrate et al. (2014a) . The grid of models consists of systems with different initial donor mass, neutron star mass, orbital separation as well as different values of the magnetic braking index.
The final WD mass obtained this way is in the range of ∼ 0.15 ≤ M WD /M ⊙ ≤ 0.30. We define ∆t proto as the time it takes for the proto-WD to cross the HR diagram from the end of the mass transfer until it reaches the maximum effective temperature. may be as long as 2 Gyr, result which explains the bloated WDs observed recently. In order to understand the differences in ∆t proto , in Fig. 2 it is plotted the total amount of hydrogen remaining in the envelope of the proto-WD at two epochs i) at the moment of the Roche-lobe detachment and, ii) for stars which undergo hydrogen flashes, at the time the star reaches its maximum value of T eff after the last flash. At first sight, one may suggest that this figure gives evidence for hydrogen shell flashes eroding away the hydrogen. However, as shown by Istrate et al. (2014b) , only ∼ 10% of the residual hydrogen is burned during the flash episode(s). The far majority (∼ 70%) is burned while the proto-WD crosses the HR-diagram and the remaining ∼ 20% is finally burned on the WD cooling track after reaching the maximum T eff . The value of ∆t proto is indeed related to the ratio between the amount of hydrogen left in the envelope and the rate at which this burns (i.e. the luminosity of the proto-WD, corrected for gravitational binding energy released during the contraction phase). Using a modified correlation between the degenerate core mass of an evolved low-mass star and its luminosity (Refsdal & Weigert 1971) and assuming that at the end of Roche-lobe phase the amount of hydrogen left in the envelope is always ∼ 0.01 ± 0.005 M ⊙ , one can derive an analytical relation
For this relation we have used L ∝ M 7 WD , from fitting to our numerical results. It has been shown previously in the literature that ∆t proto can be as large as 2 Gyr for a few single models. Our calculations show for the first time its systematic dependence on the mass of the WD (for more details see Istrate et al. (2014b) ). The hydrogen shell flash triggered by unstable CNO burning causes a large flux of energy flowing outward. Therefore the layers immediately above the burning shell become unstable against convection. This causes mixing of the elements (hydrogen-rich envelope material goes down into the burning zone and metals are transported the other way toward the surface). This may explain the peculiar metallicity abundances recently observed in some of the low-mass He WDs, especially given that the gravitational settling timescale is relatively long in bloated envelopes.
Conclusions
Low-mass, detached proto He WDs may spend up to 2 Gyr in the transition (contraction) phase from Roche-lobe detachment until they reach the WD cooling track. Hence, a fair number of WDs are expected to be observed in this bloated phase, in agreement with observations. The timescale of this transition phase, ∆t proto , and to some extent the minimum mass for WDs to experience hydrogen shell flashes, depend on the initial donor mass, M 2 .
In the current study, hydrogen shell flashes are found to occur for proto-WDs with 0.21 ≤ M WD /M ⊙ ≤ 0.28 for M 2 ≤ 1.5M ⊙ . This result is in excellent agreement with the interval found by (Nelson et al. 2004 ) for donors with solar metallicity and in good agreement with earlier work by (Driebe et al. 1998 ). We find no evidence for ∆t proto to depend on the occurrence of flashes and thus question the suggested dichotomy in the thermal evolution of proto-WDs.
